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We show that any 2−factor of a cubic graph can be extended to a maximum 3−edge-
colorable subgraph. We also show that the sum of sizes of maximum 2− and 3−edge-
colorable subgraphs of a cubic graph is at least twice of its number of vertices. Finally,
for a cubic graph G, consider the pairs of edge-disjoint matchings whose union consists of
as many edges as possible. Let H be the largest matching among such pairs. Let M be
a maximum matching of G. We show that 9/8 is a tight upper bound for |M |/|H|.
1. Introduction
We consider finite undirected graphs that do not contain loops. Graphs may contain
multiple edges. For a graph G and a positive integer k define
Bk(G) ≡ {(H1, ..., Hk) : H1, ..., Hk are pairwise edge-disjoint matchings of G},
and let
νk(G) ≡ max{|H1|+ ... + |Hk| : (H1, ..., Hk) ∈ Bk(G)}.
A subgraph H of G is called maximum k-edge-colorable, if it is k-edge-colorable and
contains exactly νk(G) edges.
Define:
αk(G) ≡ max{|H1| , ..., |Hk| : (H1, ..., Hk) ∈ Bk(G) and |H1|+ ... + |Hk| = νk(G)}.
If ν(G) denotes the cardinality of the largest matching of G, then it is clear that
αk(G) ≤ ν(G) for all G and k. Moreover, νk(G) = |E(G)| for all k ≥ χ
′(G), where χ′(G)
is the chromatic index of G. Also note that ν1(G) and α1(G) coincide with ν(G).
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Recall that a matching of G is maximum, if it contains ν(G) edges, and is maximal if
it is not a subset of a larger matching. In contrast with the theory of 2-matchings, where
every graph G admits a maximum 2-matching that includes a maximum matching [ 4],
there are graphs that do not have a maximum 2-edge-colorable subgraph that includes a
maximum matching.
The following is the best result that can be stated about the ratio ν(G)/α2(G) for any
simple graph G (see [ 6]):
1 ≤ ν(G)/α2(G) ≤ 5/4.
Very deep characterization of simple graphs G satisfying ν(G)/α2(G) = 5/4 is given in
[ 11].
Also note that by Mkrtchyan’s result [ 7], reformulated as in [ 3], if G is a matching
covered tree, then α2(G) = ν(G). Note that a graph is said to be matching covered (see [
8]), if its every edge belongs to a maximum matching (not necessarily a perfect matching
as it is usually defined, see e.g. [ 4]).
In this paper, we show that any 1- and 2-factor of a cubic graph can be extended to a
maximum 3-edge-colorable subgraph. We also show that ν2(G)+ν3(G) ≥ 2|V (G)| for any
cubic graph G. Finally, we show that 9/8 is a tight upper bound for the ratio ν(G)/α2(G)
in the class of cubic graphs G.
Terms and concepts that we do not define can be found in [ 4, 12].
2. The main results
We begin with a theorem that describes the structure of the edges that do not belong
to a maximum 3-edge-colorable subgraph of a cubic graph.
Theorem 1 Let H be a maximum 3−edge-colorable subgraph of a cubic graph G. Then
E(G)\E(H) is a matching.
Proof. To complete the proof of the theorem, we need to verify the absence of adjacent
edges in G\E(H).
Suppose that (u0, u1), (u1, u2) ∈ E(G)\E(H). Let C(u0), C(u1), C(u2) denote the colors
of the edges incident to the vertices u0, u1, u2, respectively. We need to consider two cases:
Case 1: u0 = u2, that is, (u0, u1) is a multiple edge. Note that |C(u0)| ≤ 1, |C(u1)| ≤ 1,
thus there is α ∈ {1, 2, 3} with α /∈ C(u0) ∪ C(u1). Now, if we color one of edges
connecting u0 and u1 with color α, then we would get a proper 3−edge-coloring of the
subgraph H ∪ {(u0, u1)}, contradicting the maximality of H .
Case 2: u0 6= u2. Note that |C(u0)| ≤ 2, |C(u1)| ≤ 1, |C(u2)| ≤ 2. It is easy to see that
the maximality of H implies that
C(u0) ∪ C(u1) = {1, 2, 3} and C(u1) ∪ C(u2) = {1, 2, 3},
thus |C(u0)| = 2, |C(u1)| = 1, |C(u2)| = 2 and C(u0) = C(u2). Suppose that C(u0) =
C(u2) = {α, β} and C(u1) = {γ}. Consider the maximal α−γ alternating paths P0, P1, P2,
starting from vertices u0, u1, u2, respectively. Note that there is i ∈ {0, 2} such that
u1 /∈ V (Pi). Now, shift the colors on the path Pi to obtain a new coloring of the maximum
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3−edge-colorable subgraph H , where the color α is absent in both of vertices ui and u1.
Now, if we color the edge (u1, ui) with color α, then we would get a proper 3−edge-
coloring of the subgraph H ∪ {(u1, ui)}, contradicting the maximality of H . The proof of
the theorem 1 is completed.
It is not always possible to extend a 1-factor (and maximum matchings as well [ 2])
to a maximum 2-edge-colorable subgraph of a cubic graph. Nevertheless, the following is
true:
Theorem 2 Any 1−factor of a cubic graph G can be extended to a maximum 3−edge-
colorable subgraph of G.
Proof. For a 1−factor F of G, choose a maximum 3−edge-colorable subgraph H of G
with |E(F ) ∩ E(H)| is maximum.
Let us show that E(F ) ⊆ E(H). On the opposite assumption, consider an edge e =
(u, v) ∈ E(F )\E(H) and assume that H is properly colored with colors {1, 2, 3}. Due to
theorem 1, the edges adjacent to e belong to H . Let C(u) and C(v) denote the colors of
edges that are incident to u and v, respectively. Note that the maximality of H implies
that
|C(u) ∩ C(v)| = 1 and C(u) ∪ C(v) = {1, 2, 3}.
Choose α ∈ C(u)\C(v). Consider the subgraph H ′ = (H\{e′})∪{e}, where e′ is the edge
that is incident to u and is colored by α. Note that H ′ is a maximum 3−edge-colorable
subgraph of G with
|E(F ) ∩ E(H)| < |E(F ) ∩ E(H ′)|.
contradicting the choice of H . The proof of the theorem 2 is completed.
Next, we prove a result which claims that the uncolored edges with respect to a maxi-
mum 3−edge-colorable subgraph of G always can be ”left” in a given 1−factor, or, equiv-
alently, any 2−factor of a cubic graph G can also be extended to a maximum 3−edge-
colorable subgraph of G.
Theorem 3 Let F be any 1−factor of a cubic graph G, and let F¯ be the complementary
2−factor of F . Then there is a maximum 3−edge-colorable subgraph H of G, such that:
(a) E(H) ∪ E(F ) = E(G);
(b) E(F¯ ) ⊆ E(H).
Proof. Note that (b) follows from (a), thus we will only prove (a).
For a given 1−factor F of a cubic graph G, consider a maximum 3−edge-colorable
subgraph H of G such that |E(F ) ∩ E(H)| is minimum.
To show that E(H)∪E(F ) = E(G), we only need to verify that E(F )∪E(H) ⊇ E(G).
Assume that there is e = (u, v) ∈ E(G) such that e belongs to none of F and H , and
assume that H is properly colored with colors {1, 2, 3}.
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Consider the edges adjacent to e. Theorem 1 implies that these edges belong to H . If
C(u) and C(v) denote the colors of edges that are incident to u and v, respectively, then
the maximality of H implies that
|C(u) ∩ C(v)| = 1 and C(u) ∪ C(v) = {1, 2, 3}.
Suppose that
{α} = C(u) ∩ C(v), C(u) = {α, β} and C(v) = {α, γ}.
Consider the alternating path Pe with edges of colors {β, γ} that starts from the vertex
u. Note that the maximality of H implies that Pe must terminate at vertex v. Thus Pe is
an even path, which together with the edge e, forms an odd cycle Ce. Let us show that
the edges that are incident to a vertex of Ce and do not lie on Ce must be colored, and
therefore they are colored by α. If some edge of this kind had no color, then we could
have shifted the colors on the cycle Ce and get a maximum 3-edge-colorable subgraph
with two adjacent uncolored edges, contradicting theorem 1.
To complete the proof of the theorem, we need to consider two cases:
Case 1:E(Ce) ∩ E(F ) 6= ∅.
Let f ∈ E(Ce) ∩ E(F ). Consider a proper partial 3−edge-coloring of the graph G
obtained from the coloring of H as follows: f is left uncolored, the edges of the even path
Ce−f are colored β and γ, alternatively, the colors of the rest of edges are left unchanged.
Note that the new partial 3−edge-coloring corresponds to a maximum 3−edge-colorable
subgraph H ′ of G with
|E(F ) ∩ E(H ′)| < |E(F ) ∩ E(H)|
contradicting the choice of H .
Case 2:E(Ce) ∩ E(F ) = ∅.
Note that in this case,
(I) the edges that are incident to a vertex of Ce, do not lie on Ce and are colored by α,
belong to F , which and E(Ce) ∩ E(F ) = ∅ imply that:
(II) all maximum 3−edge-colorable subgraphs H ′ of G, which can be obtained from the
coloring of H , by leaving any edge g ∈ E(Ce) uncolored, by coloring the edges of the
even path Ce − g β and γ, alternatively, and leaving the colors of the rest of edges
unchanged, satisfy the condition |E(F ) ∩ E(H ′)| = |E(F ) ∩ E(H)| is minimum.
Now, we consider a proper partial 3−edge-coloring θ of the graph G obtained from the
coloring of H by deleting the colors of the all edges lying on Ce. Since Ce is an odd cycle,
there is an α− γ alternating path Pw in the 3−edge-coloring θ that starts from a vertex
w ∈ V (Ce) and does not terminate on Ce. Choose an edge x = (w, z) ∈ E(Ce), and let y
be the other edge of Ce that is incident to w.
Consider a proper partial 3−edge-coloring of G obtained from θ as follows:
• shift the colors on the path Pw, and clear the color of the edge of F that is incident
to z;
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• color x by α, and color the edges of the even path Ce − x by β − γ alternatively,
starting from the edge y.
It is not hard to see that the new partial 3−edge-coloring of G corresponds to a maxi-
mum 3−edge-colorable subgraph H ′ of G, which by (II) satisfies
|E(F ) ∩ E(H ′)| < |E(F ) ∩ E(H)|
contradicting the choice of H . The proof of the theorem 3 is completed.
We suspect that the theorem 3 can be generalized as follows:
Conjecture 1 Let F be any maximal (not necessarily, maximum) matching of a cubic
graph G. Then there is a maximum 3−edge-colorable subgraph H of G, such that E(H)∪
F = E(G).
The problem of estimating the size of maximum 2− and 3-edge-colorable subgraphs
of cubic and subcubic graphs has been investigated in [ 1, 2, 10]. Recently, Rizzi has
considered the maximum 3-edge-colorable subgraph problem in the class of triangle-free
subcubic graphs and has got the following results:
Theorem 4 [ 9] Let G be a triangle-free graph with ∆(G) ≤ 3. Then ν3(G) ≥ (1 −
2
3γ0(G)
)|E(G)|, where γ0(G) denotes the odd girth of G.
Corollary 1 [ 9] Let G be a triangle-free graph with ∆(G) ≤ 3. Then ν3(G) ≥
13
15
|E(G)|.
For subcubic graphs containing no parallel edges, Rizzi has shown:
Theorem 5 [ 9] Let G be a graph with ∆(G) ≤ 3 and no parallel edges. Then ν3(G) ≥
6
7
|E(G)|.
We have recently considered the maximum 2- and 3-edge-colorable subgraph problems
in the class of cubic graphs, and got the following result:
Theorem 6 [ 5]: For every cubic graph G:
ν2(G) ≥
4
5
|V (G)| =
8
15
|E(G)|, ν3(G) ≥
7
6
|V (G)| =
7
9
|E(G)|.
There are graphs attaining bounds of the theorem 6. The graph from figure 1a attains
the first bound and the graph from figure 1b the second bound.
Note that if there were a cubic graph G attaining the two bounds at the same time,
then we would have:
ν2(G) + ν3(G) =
4
5
|V (G)|+
7
6
|V (G)| =
59
30
|V (G)| < 2|V (G)|.
Thus, to show the absence of a cubic graph attaining all the bounds of theorem 6 at the
same time, it suffices to show the following
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Figure 1. Examples attaining the bounds of the theorem 6
Theorem 7 For every cubic graph G
ν2(G) + ν3(G) ≥ 2|V (G)|.
Proof. Note that it suffices to prove the statement for connected cubic graphs G. If G is
2-connected, then by Petersen theorem [ 4], it has a 2-factor F . If F is a Hamilton cycle,
it is a 2-edge-colorable subgraph with |V (G)| edges, and the result follows.
If F has k ≥ 2 components, then add an edge (u, v) ∈ E(G) joining vertices in two
different components of F and delete one edge from each component of F , so that u and
v have degree two in the resulting graph. This graph is a collection of disjoint paths with
|V (G)|+1−k edges and is 2-edge-colorable. Now consider a minimal connected subgraph
H of G that contains F . It is easy to see that H is 3-edge-colorable and has |V (G)|+k−1
edges. The result follows.
If G is not 2-connected, it has a cutvertex v. Let T be a depth-first-search tree having
root v. If there are k vertices of degree three in T , then by deleting one edge incident with
each of them, we get a 2-edge-colorable subgraph with |V (G)|−1−k edges. The number
of leaf nodes in the tree T is k+2 and since the root is a cutvertex, it has degree at least
two in the tree. For each leaf vertex, add one edge joining it to one of its ancestors in the
tree. The resulting graph is 3-edge-colorable, as can be seen by inductively coloring the
subgraphs induced by the subtrees of T . Since this graph has |V (G)| − 1 + k + 2 edges,
the result follows. The proof of the theorem 7 is completed.
Remark 1 The graphs from figure 1 attain the bounds of the theorem, and we suspect
that they are the only connected cubic graphs with this property.
The rest of the paper is devoted to obtaining a bound for the ratio ν(G)/α2(G) in
the class of cubic graphs. For this purpose we introduce some definitions and a series of
results which will be used for proving theorem 8.
If u is a vertex of a graph G, then let N(u) denote the set of vertices of G that are
adjacent to u. For a path P let V0(P ) denote the set of end-vertices of P . Now, if
V0(P ) = {u, v} and w ∈ V (P ), then let Pu,w denote the subpath of P connecting the
vertices u and w. Define:
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M2(G) ≡ {(H,H
′
) : (H,H
′
) ∈ B2(G), |H|+ |H
′
| = ν2(G), |H| = α2(G)}.
Let A and B be matchings of a graph G.
Definition 1 A path (cycle) e1, e2, ..., el (l ≥ 1) is called A-B alternating if the edges
with odd indices belong to A\B and others to B\A, or vice-versa.
Definition 2 An A-B alternating path P is called maximal if there is no other A-B
alternating path that contains P as a proper subpath.
The sets of A-B alternating cycles and maximal alternating paths are denoted by
C(A,B) and P (A,B), respectively.
The set of the paths from P (A,B) that have even (odd) length is denoted by Pe(A,B)
(Po(A,B)).
The set of the paths from Po(A,B) starting from an edge of A (resp. B) is denoted by
PAo (A,B) (resp. P
B
o (A,B)).
Note that every edge e ∈ A∪B either belongs to A∩B or lies on a cycle from C(A,B)
or lies on a path from P (A,B).
Moreover, the following properties are easy to prove
Property 1
(a) if F ∈ C(A,B)∪Pe(A,B) then A and B have the same number of edges that belong
to F ,
(b) if P ∈ PAo (A,B) then the difference between the numbers of edges that lie on P and
belong to A and B is one.
This property immediately implies:
Property 2 If A and B are matchings of a graph G then
|A| − |B| = |PAo (A,B)| − |P
B
o (A,B)|.
Berge’s well-known theorem states that a matching M of a graph G is maximum if and
only if G does not contain an M-augmenting path [ 4, 12]. This theorem immediately
implies:
Property 3 If M is a maximum matching and H is a matching of a graph G then
PHo (M,H) = ∅,
and therefore, |M | − |H| = |PMo (M,H)|.
The proof of the following property is similar to the one of property 3:
Property 4 If (H,H ′) ∈ M2(G) then P
H′
o (H,H
′) = ∅.
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Let G be a graph. Over all (H,H ′) ∈ M2(G) and all maximum matchings M of G,
consider the pairs ((H,H ′),M) for which |M ∩ (H ∪ H ′)| is maximized. Among these,
choose a pair ((H,H ′),M) such that |M ∩H| is maximized.
From now on H,H ′ and M are assumed to be chosen as described above. For this
choice of H,H ′ and M , consider the paths from PMo (M,H) and define MA and HA as the
sets of edges lying on these paths that belong to M and H , respectively.
Lemma 1 C(M,H) = Pe(M,H) = P
H
o (M,H) = ∅.
Proof. Property 3 implies PHo (M,H) = ∅. Let us show that C(M,H) = Pe(M,H) = ∅.
Suppose that there is F0 ∈ C(M,H) ∪ Pe(M,H). Define:
M ′ ≡ [M\E(F0)] ∪ [H ∩ E(F0)].
Consider the pair ((H,H ′),M ′). Note that M ′ is a maximum matching, and
|(H ∪H ′) ∩M ′| ≥ |(H ∪H ′) ∩M |,
thus taking into account the choice of the pair ((H,H ′),M), we must have equality.
However, this is a contradiction since for this new pair ((H,H ′),M ′), we have that |H ∩
M ′| > |H ∩M | contradicting |H ∩M | being maximum.
Corollary 2 M ∩H =M\MA = H\HA.
Lemma 2 Each edge of MA\H
′ is adjacent to two edges of H ′.
Proof. Let e be an arbitrary edge from MA\H
′. Note that e ∈M , e /∈ H , e /∈ H ′. Now,
if e is not adjacent to an edge of H ′, then H ∩ (H ′ ∪ {e}) = ∅ and
|H|+ |H ′ ∪ {e}| > |H|+ |H ′| = ν2(G),
which contradicts (H,H ′) ∈M2(G).
On the other hand, if e is adjacent to only one edge f ∈ H ′, then consider the pair
(H,H ′′), where H ′′ ≡ (H ′\{f}) ∪ {e}. Note that
H ∩H ′′ = ∅, |H ′′| = |H ′|
and
|(H ∪H ′′) ∩M | > |(H ∪H ′) ∩M |,
which contradicts |(H ∪H ′) ∩M | being maximum.
Lemma 3 C(MA, H
′) = Pe(MA, H
′) = PMAo (MA, H
′) = ∅.
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Proof. First of all, let us show that C(MA, H
′) = Pe(MA, H
′) = ∅. For the sake of
contradiction, suppose that there is F0 ∈ C(MA, H
′) ∪ Pe(MA, H
′). Define:
H ′′ ≡ [H ′\E(F0)] ∪ [MA ∩ E(F0)].
Consider the pair of matchings (H,H ′′). Note that by the definition of an alternating
path we have MA ∩H = ∅, therefore
H ∩H ′′ = ∅,
|H|+ |H ′′| = |H|+ |H ′| = ν2(G)
(see property 1(a)).
Thus (H,H ′′) ∈ M2(G) and
|(H ∪H ′′) ∩M | > |(H ∪H ′) ∩M |,
which contradicts |(H ∪H ′) ∩M | being maximum.
On the other hand, the end-edges of a path from PMAo (MA, H
′) are from MA and are
adjacent to only one edge from H ′ contradicting lemma 2. Therefore, PMAo (MA, H
′) = ∅.
Lemma 4 |H ′| = |PH
′
o (MA, H
′)|+ |HA|+ ν(G)− α2(G).
Proof. Property 2 implies that
|H ′| − |MA| = |P
H′
o (MA, H
′)| − |PMAo (MA, H
′)|,
and due to property 1(b), property 3
|MA| − |HA| = |P
M
o (M,H)| = |M | − |H| = ν(G)− α2(G).
By lemma 3 PMAo (MA, H
′) = ∅, therefore,
|H ′| = |PH
′
o (MA, H
′)|+ |MA| = |P
H′
o (MA, H
′)|+ |HA|+ ν(G)− α2(G).
Lemma 5 Let P ∈ Po(M,H) and assume that P = m1, h1, m2, ..., hl−1, ml, l ≥ 1, mi ∈
M, 1 ≤ i ≤ l, hj ∈ H, 1 ≤ j ≤ l − 1. Then l ≥ 3 and {m1, ml} ⊆ H
′.
Proof. We claim that l ≥ 3. Note that if l = 1 then P = m1, and clearly m1 ∈ H
′ as
otherwise we could enlarge H by adding m1 to it which contradicts (H,H
′) ∈ M2(G).
Thus l ≥ 2. Now, let us show that m1 ∈ H
′. If m1 /∈ H
′ then define
H1 ≡ (H\{h1}) ∪ {m1}.
Note that
H1 ∩H
′ = ∅, |H1| = |H|,
and
|(H1 ∪H
′) ∩M | > |(H ∪H ′) ∩M |
which contradicts |(H ∪H ′) ∩M | being maximum. Thus m1 ∈ H
′. Similarly, one can
show that ml ∈ H
′.
By property 4 PH
′
o (H,H
′) = ∅, there is an i, 1 ≤ i ≤ l, such that mi ∈ M\(H ∪H
′).
Since {m1, ml} ⊆ H
′, we have l ≥ 3.
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Corollary 3 |HA| ≥ 2(ν(G)− α2(G)).
Proof. Due to lemma 5 every path P ∈ Po(M,H) has length at least five, therefore it
contains at least two edges from H . By property 3, there are
|Po(M,H)| =
∣∣PMo (M,H)∣∣ = ν(G)− α2(G),
paths from Po(M,H), therefore
|HA| ≥ 2(ν(G)− α2(G)).
Corollary 4 Every vertex lying on a path from P (M,H) = PMo (M,H) is incident to an
edge from H ′.
Proof. Suppose w is a vertex lying on a path from P (M,H) = PMo (M,H) and assume
that e is an edge from MA incident to the vertex w. Clearly, if e ∈ H
′ then the corollary
is proved, thus we may assume that e /∈ H ′. Note that e ∈MA\H
′ therefore by lemma 2
e is adjacent to two edges from H ′. Thus w is incident to an edge from H ′.
Let Y = Y (M,H,H ′) denote the set of the paths from P (H,H ′) starting from the
end-edges of the paths from PMo (M,H). Note that Y is well-defined since by lemma 5
these end-edges belong to H ′. According to property 4, Y ⊆ Pe(H,H
′), thus the set of
the last edges of the paths from Y is a subset of H . Denote this subset by HY .
Lemma 6
(a) |Y | = 2(ν(G)− α2(G)) and the length of the paths from Y is at least four,
(b)
∣∣PH′o (MA, H ′)∣∣ ≥ ν(G)− α2(G).
Proof. (a) Due to property 4, all end-edges of the paths from PMo (M,H) lie on different
paths from Y . Therefore |Y | = 2|PMo (M,H)| = 2(ν(G)− α2(G)).
Since the edges from HY are adjacent to only one edge from H
′, we conclude that they
do not lie on a path from PMo (M,H) (corollary 4). Thus, by corollary 2, HY ⊆ M ∩H .
Furthermore, as the first two edges of a path from Y lie on a path from PMo (M,H), and
the last edge does not, we conclude that its length is at least four.
(b) From HY ⊆M ∩H we get
|M ∩H| ≥ |HY | = |Y | = 2|P
M
o (M,H)| = 2(ν(G)− α2(G)).
On the other hand, every edge from HY is adjacent to an edge from H
′\M , which is
an end-edge of a path from PH
′
o (MA, H
′), therefore
2(ν(G)− α2(G)) ≤ |M ∩H| ≤ 2
∣∣∣PH′o (MA, H ′)∣∣∣
or
ν(G)− α2(G) ≤
∣∣∣PH′o (MA, H ′)∣∣∣ .
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Up to now, we assumed that G is an arbitrary graph. Now, we turn back to the problem
of bounding the ratio ν(G)/α2(G) in the class of cubic graphs, and assume that G is an
arbitrary cubic graph. Moreover, we also assume that the pair ((H,H ′),M) is chosen as
above. In addition, we make one more assumption on the choice of the pair: ((H,H ′),M).
We assume that
∑
P∈Y (M,H,H′ ) |P | is maximized subject to previous conditions.
Lemma 7 Let P ∈ Pe(H,H
′
) and v ∈ V0(P ). Then there is no edge (v, w) ∈ E(G), such
that w lies on a path P
′
∈ Pe(H,H
′
), P
′
6= P , and the length of the path P ′v′,w is even,
where v′ ∈ V0(P
′).
Proof. Assume that the length of the path P ′
v
′
,w
is even. We can assume that the vertex v
′
is that end-vertex of P
′
, which is incident to an edge from H
′
. Without loss of generality,
we can also assume that the vertex v is incident to an edge from H
′
, since in the other
case we can exchange the edges between H and H ′ on the path P . Note that in this case
the vertex w, which is the other end-vertex of path P ′
v
′
,w
, is incident to an edge from the
set E(Pv′ ,w) ∩H .
Define:
H1 ≡ (H\E(Pv′ ,w)) ∪ {(v, w)} ∪ (H
′
∩ E(Pv′ ,w)),
H
′
1 ≡ (H
′
\E(Pv′ ,w)) ∪ (H ∩ E(Pv′ ,w − w)).
Note that:
H1 ∩H
′
1 = ∅,
|H1|+ |H
′
1| = |H|+ |H
′
| = ν2(G)
but
|H1| > |H| = α2(G),
which contradicts the condition (H,H
′
) ∈M2(G).
Lemma 8 Let P ∈ PHo (H,H
′
). Then there are no paths P1, P2 ∈ Pe(H,H
′
) and v1 ∈
V0(P1), v2 ∈ V0(P2), such that (v1, w1) ∈ E(G), (v2, w2) ∈ E(G) and (w1, w2) ∈ E(P ).
Proof. Suppose that there are such paths P1 and P2. Since P1 and P2 are even paths,
we can assume, that on the path P1 the vertex v1 is incident to an edge from H , and on
the path P2 the vertex v2 is incident to an edge from H
′
. Note that this assumption is
also true, when P1 = P2.
Assume, that V0(P ) = {u1, u2} and the path P connects vertices u1 and u2, passing
through w1 then w2 (figure 2).
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Figure 2. The typical situation in the proof of lemma 8
We will consider two cases.
Case A: If (w1, w2) ∈ H .
Define:
H1 ≡ (H\(E(Pu1w1) ∪ {(w1, w2)})) ∪ {(v2, w2)} ∪ (H
′
∩ E(Pu1w1)),
H
′
1 ≡ (H
′
\E(Pu1w1)) ∪ {(v1, w1)} ∪ (H ∩ E(Pu1w1)).
Note that:
H1 ∩H
′
1 = ∅,
but
|H1|+ |H
′
1| > |H|+ |H
′
| = ν2(G),
which contradicts the condition (H,H
′
) ∈M2(G).
Case B: If (w1, w2) ∈ H
′.
Define:
H1 ≡ (H\E(Pu2w2)) ∪ {(v2, w2)} ∪ (H
′
∩ E(Pu2w2)),
H
′
1 ≡ (H
′
\(E(Pu2w2) ∪ {(w1, w2)})) ∪ {(v1, w1)} ∪ (H ∩ E(Pu2w2)).
Note that:
H1 ∩H
′
1 = ∅,
but
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|H1|+ |H
′
1| > |H|+ |H
′
| = ν2(G),
which contradicts the condition (H,H
′
) ∈M2(G).
Lemma 9 Let C ∈ C(H,H
′
). Then there are no different paths P1, P2 ∈ Pe(H,H
′
)
and v1 ∈ V0(P1), v2 ∈ V0(P2), such that (v1, w1) ∈ E(G) and (v2, w2) ∈ E(G), where
{w1, w2} ⊆ V (C) and the length of a path Pw1,w2, which connects vertices w1, w2, all
whose edges lie on the cycle C, is odd.
Proof. Assume that there are two such paths P1 and P2.
Let us consider two cases.
Case A: (w1, w2) ∈ E(G) and (w1, w2) ∈ H (figure 3).
2
P2v
H’
1
v
1
P
H’
H’
H’
H
1
w
2
w
1
w’
2
w’
Figure 3. Lemma 9, Case A
Since the paths P1 and P2 are even, we can assume, that on the paths P1 and P2 both
vertices v1 and v2 are incident to edges from H
′.
Define:
H1 ≡ (H\{(w1, w2)}) ∪ {(v1, w1), (v2, w2)}.
Note that:
H1 ∩H
′
= ∅,
but
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Figure 4. Lemma 9, Case B
|H1|+ |H
′
| > |H|+ |H
′
| = ν2(G),
which contradicts the condition (H,H
′
) ∈M2(G).
Case B: (w1, w2) /∈ H (figure 4).
Note that this case contains the subcase (w1, w2) ∈ E(G) and (w1, w2) ∈ H
′
.
Since the paths P1 and P2 are even, we can assume, that on the paths P1 and P2 both
vertices v1 and v2 are incident to edges from H .
Note that in this case the number of edges of cycle C that belong to H is greater or
equal to two. Moreover, as (w1, w2) /∈ H , then (w1, w
′
1) 6= (w2, w
′
2). Note that it is possible
that (w1, w
′′
1 ) = (w2, w
′′
2 ).
Define:
H
′
1 ≡ (H
′\{(w1, w
′′
1 ), (w2, w
′′
2 )}) ∪ {(v1, w1), (v2, w2)}.
Note that:
(H,H
′
1) ∈M2(G),
but
P
H
′
1
o (H,H
′
1) 6= ∅,
which contradicts property 4.
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Lemma 10 Let C ∈ C(H,H
′
). Then there are no paths P1, P2 ∈ Y = Y (M,H,H
′
) and
v1 ∈ V0(P1), v2 ∈ V0(P2), such that (v1, w1) ∈ E(G), (v2, w2) ∈ E(G) and (w1, w2) ∈
E(C).
Proof. If the paths P1 and P2 are different, then the statement of the lemma follows from
lemma 9.
So we can assume that P1 = P2 = P . We can also assume that on the path P the
vertex v1 is incident to an edge from H , and the vertex v2 is incident to an edge from H
′
.
Recall that lemma 5 and the proof of the lemma 6 imply that both these edges belong to
M (figure 5).
2
v
H’,M
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v H,M
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Figure 5. The situation in the proof of the lemma 10
We will consider two cases.
Case A: (w1, w2) /∈M .
If (w1, w2) ∈ H
′, then define
H1 ≡ H ,
H
′
1 ≡ (H
′
\{(w1, w2)}) ∪ {(v1, w1)}.
Otherwise, when (w1, w2) ∈ H , define
H1 ≡ (H\{(w1, w2)}) ∪ {(v2, w2)},
H
′
1 ≡ H
′
.
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Note that:
H1 ∩H
′
1 = ∅,
|H1|+ |H
′
1| = ν2(G),
|H1| = α2(G),
|M ∩ (H1 ∪H
′
1)| = |M ∩ (H ∪H
′
)|,
|M ∩H1| = |M ∩H|,
but:
∑
P ′∈Y (M,H1,H
′
1
) |P
′| >
∑
P ′∈Y (M,H,H′ ) |P
′|,
which contradicts the choice of the pair ((H,H
′
),M).
Case B: (w1, w2) ∈M .
If (w1, w2) ∈ H
′, then define:
H1 ≡ (H\{(w2, w
′
2)}) ∪ {(v2, w2)},
H
′
1 ≡ H
′
.
Otherwise, when (w1, w2) ∈ H , define
H1 ≡ H ,
H
′
1 ≡ (H
′
\{(w1, w
′
1)}) ∪ {(v1, w1)}
Note, that:
H1 ∩H
′
1 = ∅,
|H1|+ |H
′
1| = ν2(G),
|H1| = α2(G),
|M ∩ (H1 ∪H
′
1)| = |M ∩ (H ∪H
′
)|,
|M ∩H1| = |M ∩H|,
but:
∑
P ′∈Y (M,H1,H
′
1
) |P
′| >
∑
P ′∈Y (M,H,H′ ) |P
′|,
which contradicts the choice of the pair ((H,H
′
),M).
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Figure 6. The neighbourhood of the edge e = (u, v)
Lemma 11 Let e = (u, v) ∈ MA\H
′
and assume that N(u) = {u1, u2, v}, N(v) =
{v1, v2, u} (figure 6). Then there is no path P ∈ Y (M,H,H
′
) and w ∈ V0(P ) such that w
is adjacent to one of the vertices u1, u2, v1, v2.
Proof. First of all note that for the proof of the lemma, we only need to consider the
case of vertices u1 and u2.
Assume the opposite. Then there is a path P ∈ Y (M,H,H
′
) and w ∈ V0(P ) contra-
dicting the statement.
Consider two cases.
Case A: (u, u1) /∈ E(P ), (u, u2) /∈ E(P ).
We need to consider two sub-cases.
Sub-case A1: (w, u1) ∈ E(G).
As P ∈ Pe(H,H
′
), we can assume that the vertex w is incident to an edge from H
′
.
Define:
H1 ≡ (H\{(u, u1), (v, v1)}) ∪ {e, (w, u1)}.
Note that:
H1 ∩H
′
= ∅,
|H1|+ |H
′
| = |H|+ |H
′
| = ν2(G),
|H1| = |H| = α2(G),
but:
|M ∩ (H1 ∪H
′
)| > |M ∩ (H ∪H
′
)|,
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which contradicts the choice of the pair ((H,H
′
),M).
Sub-case A2: (w, u2) ∈ E(G).
As P ∈ Pe(H,H
′
), we can assume that the vertex w is incident to an edge from H
′
.
Define:
H
′
1 ≡ (H
′
\{(u, u2), (v, v2)}) ∪ {e, (w, u2)}.
Note, that:
H ∩H
′
1 = ∅,
|H|+ |H
′
1| = |H|+ |H
′
| = ν2(G),
but:
|M ∩ (H ∪H
′
1)| > |M ∩ (H ∪H
′
)|,
which contradicts the choice of the pair ((H,H
′
),M).
Case B: (u, u1) ∈ E(P ), (u, u2) ∈ E(P ).
We need to consider two sub-cases.
Sub-case B1: The vertex w is incident to an edge from the set H
′
∩M .
In this case we have two further sub-cases.
Sub-case B1.1: (w, u1) ∈ E(G).
Define:
H1 ≡ (H\{(u, u1), (v, v1)}) ∪ {e, (w, u1)} :
Note that:
H1 ∩H
′
= ∅,
|H1|+ |H
′
| = |H|+ |H
′
| = ν2(G),
|H1| = |H| = α2(G),
but
|M ∩ (H1 ∪H
′
)| > |M ∩ (H ∪H
′
)|,
which contradicts the choice of the pair ((H,H
′
),M).
Sub-case B1.2: If (w, u2) ∈ E(G).
Define:
H1 ≡ (H\(E(Pw,u) ∪ {(v, v1)})) ∪ (H
′
∩ E(Pw,u)) ∪ {e},
H
′
1 ≡ (H
′
\(E(Pw,u) ∪ {(u, u2)})) ∪ (H ∩ E(Pw,u)) ∪ {(w, u2)},
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where recall that Pw,u is the subpath of P , which connects the vertices w and u.
Note that:
H1 ∩H
′
1 = ∅,
|H1|+ |H
′
1| = |H|+ |H
′
| = ν2(G),
|H1| = |H| = α2(G),
but:
|M ∩ (H1 ∪H
′
1)| > |M ∩ (H ∪H
′
)|,
which contradicts the choice of the pair ((H,H
′
),M).
Sub-case B2: The vertex w is incident to an edge from the set H ∩M .
As P ∈ Pe(H,H
′
), then by exchanging the edges of the path P between sets H and H
′
,
we get a new pair (H1, H
′
1) of edge-disjoint pairs of matchings, that satisfies to conditions
(H1, H
′
1) ∈M2(G),
|M ∩ (H1 ∪H
′
1)| = |M ∩ (H ∪H
′
)| is maximized.
Moreover, in this case the vertex w is incident to an edge from H
′
1 ∩M , and therefore
it brings to the sub-case B1.
Corollary 5 If P ∈ Y (M,H,H
′
), then for every v ∈ V0(P ) and w ∈ V (P
′
), where
P ′ ∈ PH
′
0 (H
′
,MA), if (v, w) ∈ E(G), then |P
′| = 1.
Let PY ∈ Y (M,H,H
′) and P ∈ PMo (M,H) be two paths such that V0(PY )∩V0(P ) 6= ∅.
Note that we have only one vertex with v ∈ V0(PY ) ∩ V0(P ); moreover, v is incident to
an edge from H ′. Denote by w0 the vertex, for which we have w0 ∈ V (PY ) ∩ V (P ), w0 is
incident to an edge from MA\H
′ and all vertices of the path Pv,w0 , which connects the
vertices v and w0, are from V (PY ) ∩ V (P ).
Lemma 12 Let v1 ∈ V0(P1) and v2 ∈ V0(P2), where P1, P2 ∈ Y (M,H,H
′). Then, there
is no edge (v1, v2) ∈ E(G).
Proof. Assume the contrary. Note that if P1 6= P2, then we can exchange the edges of H
and H ′ on the paths P1 and P2, so that the edges incident to v1 and v2 become from H
′.
Having done this, we can add (v1, v2) to H and increase the number of edges in the
H ∪H ′, which will contradict the choice of the pair (H,H ′).
So, we can assume that P1 = P2 (figure 7).
Define:
H1 ≡ (H\(E(Pv1w0) ∪ {(w
′
0, w
′′
0 )})) ∪ (H
′
∩ E(Pv1w0)) ∪ {(w0, w
′
0)},
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Figure 7. There can be no edge (v1, v2)
H
′
1 ≡ (H
′
\E(Pv1w0)) ∪ (H ∩ E(Pv1w′′′0
)) ∪ {(v1, v2)} :
Note, that:
H1 ∩H
′
1 = ∅,
|H1|+ |H
′
1| = |H|+ |H
′
| = ν2(G),
|H1| = α2(G),
but
|M ∩ (H1 ∪H
′
1)| > |M ∩ (H ∪H
′
)|,
which contradicts the choice of the pair ((H,H
′
),M). Thus (v1, v2) /∈ E(G).
Lemma 13 Let v ∈ V0(P ), where P ∈ Y (M,H,H
′) and (v, w) is an edge with (v, w) /∈
E(P ). Then, w is incident to edges from H and H ′, which we will denote by ew(H) and
ew(H
′
), respectively. Moreover, one of these edges is from M .
Proof. Assume that v is incident to an edge from H
′
(the other case can be solved in
a similar way). First of all, let us show that w is incident to an edge from H . If w is
not incident to an edge from H , then we can add the edge (v, w) to H and increase the
number of edges in H ∪H ′, which would contradict the choice of the pair (H,H ′). Thus,
w is incident to an edge from H .
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Now, we will show that w is incident to an edge from H ′. If w were not incident to an
edge from H ′, then as follows from lemma 12, w is not the other end-vertex of P , thus
we can exchange the edges of P between H and H ′, and as a result, we can add the edge
(v, w) to H ′ and increase the number of edges in H ∪ H ′, which would contradict the
choice of the pair (H,H ′). Thus, w is incident to an edge from H ′, too.
Finally, we will show that one of edges ew(H) and ew(H
′
) belongs to M . If neither
of edges ew(H) and ew(H
′
) were from M , then we would have a path from Pe(M,H) or
PHo (M,H) beginning from the vertex w, which would contradict lemma 1. Thus, one of
edges ew(H) and ew(H
′
) is from M .
Lemma 14 Let P ∈ PMo (M,H), PY ∈ Y (M,H,H
′) and V0(P ) ∩ V0(PY ) 6= ∅. Then, if
PY contains edges from another path P
′ ∈ PMo (M,H) (P
′ 6= P ), then P ′ has at least two
edges from MA\H
′
.
Proof. As we have noted in the proof of lemma 5, each path from PMo (M,H) contains
an edge from MA\H
′
. Now, if we assume that P ′ has exactly one edge from MA\H
′
, then
PY must intersect at least one of two paths from Y (M,H,H
′) that begins from a vertex of
V0(P
′), which would contradict the fact that the paths of Y (M,H,H ′) are disjoint (proof
of lemma 6(a)).
Theorem 8 For every cubic graph G the inequality ν(G)
α2(G)
≤ 9
8
holds.
Proof. From lemma 4, we have:
|H
′
| = |PH
′
o (MA, H
′
)|+ |HA|+ ν(G)− α2(G).
We claim that:
|PH
′
o (MA, H
′
)|+ |HA| ≥ 7(ν(G)− α2(G)). (1)
As |H
′
| ≤ |H| = α2(G), then from inequality (1) we have:
α2(G) ≥ |H
′
| ≥ 8(ν(G)− α2(G)),
which is the same, as:
ν(G)
α2(G)
≤ 9
8
.
Define:
VY ≡
⋃
P∈Y (M,H,H
′
) V0(P )
Note that by lemma 6(a):
|VY | = 2|Y | = 4(ν(G)− α2(G)).
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Therefore for proving (1), we only need to show, that:
|PH
′
o (MA, H
′
)|+ |HA| ≥ 3(ν(G)− α2(G)) + |VY |. (2)
For proving (2), let us show, that we can partition the set PH
′
o (MA, H
′
) ∪HA into two
sets S1 and S2, such that S1∩S2 = ∅, S1∪S2 = P
H
′
o (MA, H
′
)∪HA, |S1| ≥ 3(ν(G)−α2(G))
and |S2| = |VY |.
First of all, we will give the description of the set S2. For every vertex v ∈ VY conform
one edge from HA or one path from P
H
′
o (MA, H
′
), such that for every pair of vertices
v1, v2 ∈ VY , which are different from each other, we have different edges or paths from
PH
′
o (MA, H
′
) ∪HA.
Consider a vertex v ∈ VY and an edge (v, w), with (v, w) /∈ E(P ), where v ∈ V0(P ),
P ∈ Y . From lemma 13, we have, that the vertex w is incident to edges from H and H ′,
which we have denoted by ew(H) and ew(H
′
), respectively.
Consider a mapping f : VY → P
H
′
o (MA, H
′
) ∪HA, where for every v ∈ VY :
f(v) =
{
the path from PH
′
o (MA, H
′
) which contains the edge ew(H
′
), if ew(H) ∈M
ew(H), if ew(H
′
) ∈M
Denote by S2 the image set of the mapping f . Note, that the lengths of paths from S2
are one, which follows from corollary 5. Thus, S2 ⊆ H ∪H
′.
We claim that the mapping f : VY → P
H
′
o (MA, H
′
) ∪HA is injective. Suppose on the
contrary that there are two vertices v1, v2 ∈ VY , (v1 6= v2), for which f(v1) = f(v2). Note
that since the graph G is cubic, this can occur only in that case, when for some w1 and
w2 (w1 6= w2), we have (v1, w1) ∈ E(G), (v2, w2) ∈ E(G) and (w1, w2) ∈ E(G).
Lemma 8 implies that (w1, w2) /∈ E(P
′
) for every P ′ ∈ PHo (H,H
′). Lemma 10 implies
that (w1, w2) /∈ E(C
′
) for every C ′ ∈ C(H,H ′).
Lemma 7 implies that (w1, w2) /∈ E(P
′
) for every P ′ ∈ Pe(H,H
′) with P
′
6= P1 and
P
′
6= P2, where v1 ∈ V0(P1), v2 ∈ V0(P2) and P1, P2 ∈ Y . Thus, it remains to consider
the case when the edge (w1, w2) lies on at least one of paths P1 and P2. Without loss of
generality, we can assume that (w1, w2) lies on P1.
We will consider four cases:
Case A: The vertex v1 is incident to an edge from H
′ and the edge (w1, w2) belongs to
the subpath Pv1,w0 of P1.
Note that, if (w1, w2) ∈ H
′, then from definition of f we have, that f(v1) 6= f(v2),
because every edge of Pv1,w0, which belongs to H
′, also belongs to M .
Therefore, for this case we will consider only the situation, when (w1, w2) ∈ H . On the
other hand, note that lemma 7 implies, that distance of w2 from end-vertices of P1 is odd
(figure 8).
Define:
H1 ≡ (H\(E(Pv1w0) ∪ {(w
′
0, w
′′
0 )})) ∪ (H
′
∩ E(Pv1w0)) ∪ {(w0, w
′
0)},
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Figure 8. Theorem 8, Case A
H
′
1 ≡ (H
′
\E(Pv1w0)) ∪ (H ∩ (E(Pv1w′′′0
)\{(w1, w2)})) ∪ {(v1, w1), (v2, w2)}.
Note that:
H1 ∩H
′
1 = ∅,
|H1|+ |H
′
1| = |H|+ |H
′
| = ν2(G),
|H1| = α2(G),
but:
|M ∩ (H1 ∪H
′
1)| > |M ∩ (H ∪H
′
)|,
which contradicts the choice of the pair ((H,H
′
),M).
Case B: The vertex v1 is incident to an edge from H and the edge (w1, w2) belongs to
P1, but not to the subpath Pv1,w0 of P1.
Denote by u1 the other end-vertex of P1. Note that, if (w1, w2) ∈ H
′, then from
definition of f we will have, that f(v1) 6= f(v2), because every edge of Pu1,w0, which
belongs to H ′, also belongs to M .
Therefore, for this case we will consider only the situation, when (w1, w2) ∈ H . On the
other hand, note that lemma 7 implies that the vertex w1 belongs to the subpath of P1,
which connects the vertices w2, w0, v1 in this order (figure 9).
Define:
H1 ≡ (H\(E(Pw2w0) ∪ {(w
′
0, w
′′
0 )})) ∪ (H
′
∩ E(Pw2w0)) ∪ {(w0, w
′
0), (v2, w2)},
H
′
1 ≡ (H
′
\E(Pw2w0)) ∪ (H ∩ E(Pw1w′′′0
)) ∪ {(v1, w1)}.
Note that:
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H1 ∩H
′
1 = ∅,
|H1|+ |H
′
1| = |H|+ |H
′
| = ν2(G),
|H1| = α2(G),
but:
|M ∩ (H1 ∪H
′
1)| > |M ∩ (H ∪H
′
)|,
which contradicts the choice of the pair ((H,H
′
),M).
Case C: The vertex v1 is incident to an edge from H
′ and the edge (w1, w2) belongs to
P1, but not to the subpath Pv1,w0 of P1.
We will consider two sub-cases:
Sub-case C.1: (w1, w2) ∈ H
′
.
In this case Lemma 7 implies that the vertex w1 belongs to the subpath of P1, which
connects the vertices v1, w2. Note that, if (w1, w2) ∈ H
′ ∩M , then from definition of f
we have, that f(v1) 6= f(v2).
Therefore, for this case we will consider only the situation, when (w1, w2) /∈ M . We
can suppose, that the vertex v2 is incident to an edge from H (figure 10).
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Figure 10. Theorem 8, sub-case C1
Define:
H1 ≡ (H\E(Pw0w1)) ∪ (H
′
∩ E(Pw′′′
0
w1
)) ∪ {(v1, w1)},
H
′
1 ≡ (H
′
\(E(Pw0w2) ∪ {(w
′
0, w
′′
0 )})) ∪ (H ∩ E(Pw0w1)) ∪ {(w0, w
′
0), (v2, w2)} .
Note that:
H1 ∩H
′
1 = ∅,
|H1|+ |H
′
1| = |H|+ |H
′
| = ν2(G),
|H1| = α2(G),
but:
|M ∩ (H1 ∪H
′
1)| > |M ∩ (H ∪H
′
)|,
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which contradicts the choice of the pair ((H,H
′
),M).
Sub-case C.2: (w1, w2) ∈ H .
In this case lemma 7 implies that the vertex w2 belongs to the subpath of P1, which
connects the vertices v1, w1. Note that, if (w1, w2) ∈ H ∩M , then from definition of f we
will have, that f(v1) 6= f(v2).
Therefore, for this case we will consider only the situation, when (w1, w2) /∈ M . We
can suppose, that the vertex v2 is incident to an edge from H (figure 11).
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Figure 11. Theorem 8, sub-case C2
Define:
H1 ≡ (H\E(Pw0w1)) ∪ (H
′
∩ E(P
w
′′′
0
w2
)) ∪ {(v1, w1)},
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H
′
1 ≡ (H
′
\(E(Pw0w2) ∪ {(w
′
0, w
′′
0 )})) ∪ (H ∩ E(Pw0w2)) ∪ {(w0, w
′
0), (v2, w2)} .
Note that:
H1 ∩H
′
1 = ∅,
|H1|+ |H
′
1| = |H|+ |H
′
| = ν2(G),
|H1| = α2(G),
but:
|M ∩ (H1 ∪H
′
1)| > |M ∩ (H ∪H
′
)|,
which contradicts the choice of the pair ((H,H
′
),M).
Case D: The vertex v1 is incident to an edge from H and the edge (w1, w2) belongs to
the subpath Pv1,w0 of P1.
We will consider two sub-cases:
Sub-case D.1: (w1, w2) ∈ H
′
.
In this case lemma 7 implies that the vertex w2 belongs to the subpath of P1, which
connects the vertices v1, w1. Note that, if (w1, w2) ∈ H
′ ∩M , then from definition of f
we will have, that f(v1) 6= f(v2).
Therefore, for this case we will consider only the situation, when (w1, w2) /∈ M . We
can suppose, that the vertex v2 is incident to an edge from H
′ (figure 12).
Define:
H1 ≡ (H\E(Pw0v1)) ∪ (H
′
∩ (E(P
w
′′′
0
w1
) ∪ E(Pv1w2))) ∪ {(v1, w1), (v2, w2)},
H
′
1 ≡ (H
′
\(E(Pw0v1) ∪ {(w
′
0, w
′′
0 )})) ∪ (H ∩ E(Pw0v1)) ∪ {(w0, w
′
0)}.
Note that:
H1 ∩H
′
1 = ∅,
|H1|+ |H
′
1| = |H|+ |H
′
| = ν2(G),
|H1| = α2(G),
but:
|M ∩ (H1 ∪H
′
1)| > |M ∩ (H ∪H
′
)|,
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Figure 12. Theorem 8, sub-case D1
which contradicts the choice of the pair ((H,H
′
),M).
Sub-case D.2: (w1, w2) ∈ H .
In this case lemma 7 implies that the vertex w1 belongs to the subpath of P1, which
connects the vertices v1, w2. Note that, if (w1, w2) ∈ H ∩M , then from definition of f we
will have, that f(v1) 6= f(v2).
Thus, for this case we will consider only the situation, when (w1, w2) /∈ M . We can
suppose, that the vertex v2 is incident to an edge from H
′.
As (w1, w2) ∈ H and (w1, w2) /∈M , then there is P
′ ∈ PMo (M,H), such that (w1, w2) ∈
E(P ′). On the other hand, the end-edge of P1 , which is incident to the vertex v1, belongs
to H ∩M , therefore the path P ′ cannot contain the overall subpath Pv1,w2. As a result,
there is w′ ∈ Pv1,w2, for which ew′(H) ∈M and ew′(H
′
) ∈M , therefore for the third edge
(w
′
, w
′
1), which is incident to w
′
, (w
′
, w
′
1) ∈ E(P
′); moreover (w
′
, w
′
1) ∈ MA\H
′ (figure
13).
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Define:
H1 ≡ (H\(E(Pw′v1) ∪ {(w1, w2)})) ∪ (H
′
∩ E(Pw′′v1)) ∪ {(v1, w1), (v2, w2)},
H
′
1 ≡ (H
′
\(E(Pw′v1) ∪ {(w
′
1, w
′′
1 )})) ∪ (H ∩ E(Pw′v1)) ∪ {(w
′
, w
′
1)}.
Note that:
H1 ∩H
′
1 = ∅,
|H1|+ |H
′
1| = |H|+ |H
′
| = ν2(G),
|H1| = α2(G),
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but:
|M ∩ (H1 ∪H
′
1)| > |M ∩ (H ∪H
′
)|,
which contradicts the choice of the pair ((H,H
′
),M).
Thus, the mapping f is injective.
Finally, let us denote by S1 = (P
H
′
o (MA, H
′
) ∪HA)\S2 and show that |S1| ≥ 3(ν(G)−
α2(G)).
Due to lemma 11 and the definition of function f , the edges from HA, which belong to
S2 are not adjacent to the edges of MA\H
′.
On the other hand, all paths from PMo (M,H) can be divided into the following two
sets:
(a) Paths which contain only one edge from MA\H
′.
(b) Paths which contain at least two edges from MA\H
′ .
The paths of type (a) have two edges from HA and one path P
′ from PH
′
o (MA, H
′
).
The length of P ′ is at least three, therefore it is not from S2. If there is another path
from PMo (M,H), which contains edges from P
′, then it will contain edges of path from
Y (M,H,H ′), one of end-edges which and our path are the same, therefore from lemma
14, we will have, that the second path from PMo (M,H) belongs to the set (b).
As the paths with type (b) contain at least two edges from MA\H
′, therefore they have
at least three edges from HA.
As |PMo (M,H)| = ν(G)−α2(G), we get |S1| ≥ 3(ν(G)−α2(G)). The proof of theorem
8 is completed.
Remark 2 Note that the bound of theorem 8 cannot be improved. This follows from the
example from figure 14.
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